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In a half-plane problem with x1 paralleling with the straight boundary and x2 pointing into the medium, the stress
components on the boundary whose acting plane is perpendicular to x1 direction may be denoted by t1 = [r11, r12,
r13]
T. Stress components r11 and r13 are of more interests since r12 is completely determined by the boundary con-
ditions. For isotropic materials, it is known that under uniform normal loading r11 is constant in the loaded region
and vanishes in the unloaded part. Under uniform shear loading, r11 will have a logarithmic singularity at the end
points of shear loading. In this paper, the behavior of the stress components r11 and r13 induced by traction-discon-
tinuity on general anisotropic elastic surfaces is studied. By analyzing the problem of uniform tractions applied on
the half-plane boundary over a ﬁnite loaded region, exact expressions of the stress components r11 and r13 are
obtained which reveal that these components consist of in general a constant term and a logarithmic term in the
loaded region, while only a logarithmic term exists in unloaded region. Whether the constant term or the logarithmic
term will appear or not completely depends on what values of the elements of matrices X and C will take for a
material under consideration. Elements for both matrices are expressed explicitly in terms of elastic stiﬀness. Results
for monoclinic and orthotropic materials are all deduced. The isotropic material is a special case of the present
results.
 2007 Elsevier Ltd. All rights reserved.
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It is known that the stresses in a linear elastic body will in general possess singularities at points where the
geometries of the boundary change abruptly, e.g., those tips of the cracks, or at junctions where diﬀerent mate-
rial properties met like those occurred in the free edges of bimaterial problems. There are other points of the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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where discontinuous tractions on the surface of the body occurred. Among all these possible causes of stress
singularities, the last mentioned above will be our concern for the present analyses. For a half-plane isotropic
solid where the straight boundary is subjected to a uniform traction t2 ¼ ½s; r; s^T (see Fig. 1) with a ﬁnite
loaded region, the stress components induced on the boundary may be denoted by t1 = [r11, r12, r13]
T. Since
r12 is completely determined by the boundary conditions, therefore only the behaviors of the components r11
and r13 are of interests in the following discussions. When a uniform normal stress is applied, the stress r11
contains a constant term on the loaded region the magnitude of which is equal to the applied normal stress.
Outside the loaded region, r11 is zero. No logarithmic term will be induced for r11 by the normal loading. This
is an exact solution (England, 1971, Muskhelishvili, 1953) which shows that r11 exhibits a discontinuity at the
end points of the uniform normal loading. When a uniform in-plane shear loading is applied, there will be
instead a logarithmic term being induced for the stress r11 in each loaded and unloaded region. No constant
term now exists for r11. The stress r11 will increase without bound at the end points of the shear loading. For
the anti-plane problems, which decouples totally from the in-plane problems for isotropic materials, a loga-
rithmic behavior of r13 is found in both loaded and unloaded regions when the uniform anti-plane shear load-
ing is acting. No constant term is found for r13.
In this paper, the phenomena of the stress components r11 and r13 due to the traction-discontinuity on the
anisotropic elastic surfaces are investigated. These phenomena may be understood by the study of the problem
of a half-plane anisotropic elastic solid with uniform tractions applied on the straight boundary. With the
solutions to a half-plane solid subjected to a concentrated load on the straight surface (Ting, 1996, Conway
and Ithaca, 1953), the problem for uniform traction loadings may be obtained by integrations of the results
corresponding to the concentrated loading. The exact expressions for the stresses components r11 and r13 are
obtained. It is found that these stress components consist of in general a constant term and a logarithmic term.
Constant term appears only in the loaded region and its value is determined by the matrix X ¼ N3SL1 NT1 .
The logarithmic term will exist in both loaded and unloaded regions and its amplitude is determined by the
matrix C = N3L
1. Whether the constant term or the logarithmic term will appear or not for a material under
consideration depends completely on what values of the elements of matrices X and C will take for that mate-
rial. Explicit expressions of the elements of X and C for general anisotropic materials are expressed in terms of
the elastic stiﬀness with the help of results developed by Liou and Sung (submitted for publication) for matri-
ces L and S. The stress components r11 and r13 developed for general anisotropic materials are then special-
ized to monoclinic materials with plane of symmetry at x1 = 0, x2 = 0 and x3 = 0, respectively, and also to
orthotropic materials. By taking special values for elements of X and C, the results for isotropic materials
may be recovered.
It is noted that present investigations are for the traction boundary condition only. For those problems
with displacement prescribed on part of the free surface, readers may refer to the monograph by Muskhelish-
vili (1953) for isotropic materials and the works done by Hwu and Fan (1998a,b) for general anisotropic mate-σ
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Fig. 1. Geometry of the problem.
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very concise form by Ting (1996) for anisotropic elastic materials and by Pan (2004a,b) for anisotropic piezo-
electric materials.
2. Stress components on the boundary of a half-plane isotropic material
For later discussions, we introduce brieﬂy in the following the well known results for the stress components
r11, r12 and r13 on the boundary of a half-plane isotropic material. For a two-dimensional linear elastic iso-
tropic material, the in-plane stress ﬁelds are completely determined by the two complex analytic functions w1
and w2 asr11 þ r22 ¼ 2ðw1ðzÞ þ w1ðzÞÞ; ð2:1Þ
r22  r11 þ 2ir12 ¼ 2½zw10ðzÞ þ w2ðzÞ; ð2:2Þwhile the stress ﬁelds corresponding to the anti-plane problem, decoupled from the in-plane deformations, are
governed by one complex analytic function w3 asr31  ir32 ¼ w3ðzÞ: ð2:3Þ
The explicit expressions of these analytic functions corresponding to the problem of a half-plane solid sub-
jected to a uniform pressure r, a uniform in-plane shear s and a uniform anti-plane shear s^ on the straight
boundary with the loading extended from a < x1 < a (see Fig. 1) are as follows (England, 1971; Muskhelish-
vili, 1953)w1ðzÞ ¼
rþ is
2pi
‘n
z a
zþ a
 
; ð2:4Þ
w2ðzÞ ¼
s
p
‘n
z a
zþ a
 
rþ is
pi
az
z2  a2
 
;
w3ðzÞ ¼
s^
p
‘n
z a
zþ a
 
:With these analytic functions the stress components on the straight boundary, denoted by t1 = [r11, r12, r13]
T,
may be evaluated ast1ðx1; 0Þ ¼
r11
r12
r13
264
375 ¼ r 00
0
264
375þ s
p
‘n
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x1 þ aj j
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0
0
264
375þ s^
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264
375; x1j j < a:The above results clearly show that the boundary condition r12 = 0 is satisﬁed for jx1j <1 when only the
normal loading is acting, and the boundary condition r12 = s is also satisﬁed for jx1j < a when only the in-
plane shear loading is applied. Results shown above indicate that for the normal loading case, the stress
r11 in the loaded region contains a constant term and the value of the constant term is equal to the applied
normal stress. It vanishes outside the loaded region, i.e., r11 = 0 for jx1j > a. Hence, the stress r11 exhibits
a discontinuity at the end points of the uniform loading. Note that no logarithmic term is found for r11 for
the normal loading case. However, when a uniform in-plane shear loading is applied, there is a logarithmic
term for the stress r11 existed both in the loaded and unloaded regions. This logarithmic stress will increase
without bound at the end points of the shear loading. Due to the anti-plane problem decoupled totally
from the in-plane problem for isotropic materials, therefore no in-plane stresses will be induced when
the anti-plane shear is acting and only the stress r13 will be induced, with a logarithmic distribution for
r13 both in the loaded and unloaded regions as shown above.
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To study the stress components induced by the traction-discontinuity for anisotropic materials, the Stroh
(1958) formalism is brieﬂy introduced in this section. For the two-dimensional deformations for which
ui(i = 1, 2, 3) are independent of x3, the solutions to the displacement u = [u1, u2, u3]
T and stress function
u = [u1, u2, u3]
T may be expressed asu ¼ 2RefAf ðzÞg; ð3:1Þ
u ¼ 2RefBf ðzÞg; ð3:2ÞwhereA ¼ ½a1; a2; a3; ð3:3Þ
B ¼ ½b1; b2; b3; ð3:4Þ
f ðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3ÞT; ð3:5Þand zk = x1 + pkx2, (k = 1, 2, 3). The superscript T stands for the transpose. Unknown complex number pk
and constant vector ak are determined by the eigenrelation½Q þ pkðRþ RTÞ þ p2kTak ¼ 0; ðk ¼ 1; 2; 3Þ ð3:6Þ
whereQ ¼
c11 c16 c15
c16 c66 c56
c15 c56 c55
264
375; R ¼ c16 c12 c14c66 c26 c46
c56 c25 c45
264
375; T ¼ c66 c26 c46c26 c22 c24
c46 c24 c44
264
375: ð3:7ÞHere the elements of Q, R and T are expressed by the contracted notations of the elastic stiﬀness cijks, as shown
above. Note that both Q and T are symmetric and positive deﬁnite. The stress components indicated below
can be evaluated simply byt1 ¼ ½r11; r12; r13T ¼ u;2; t2 ¼ ½r21; r22; r23T ¼ u;1: ð3:8Þ
Note that the column vectors of matrix B = [b1, b2, b3] appearing in Eq. (3.2) are related to the column vectors
of matrix A = [a1, a2, a3] by the following formbk ¼ ðRT þ pkTÞak; ðk ¼ 1; 2; 3Þ: ð3:9Þ
Note also that matrices A and B satisfy the following orthogonality relationsA A
B B
" #
B B
A A
" #T
¼ I 0
0 I
 
ð3:10Þwhere I is a 3 · 3 unit real matrix. From the orthogonality relations three real matrices L, S and H, which are
called the Barnett–Lothe tensors, may be deﬁned as (Barnett and Lothe, 1975)L ¼ 2iBBT; S ¼ ið2ABT  IÞ; H ¼ 2iAAT; ð3:11Þ
where i2 = 1. Matrices L and H are symmetric and positive deﬁnite. The deﬁned three Barnett–Lothe tensors
are not independent. They are related byHL SS ¼ I ; SH þHST ¼ 0; LS þ STL ¼ 0: ð3:12Þ4. Stress components on the boundary of a half-plane anisotropic material
The main concerns of the stress components r11, r12 and r13 on anisotropic elastic surfaces are presented in
this section. To investigate these components induced by the traction-discontinuity for anisotropic elastic
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tions to this problem have been given by Ting (1996) as followsu ¼  1
p
ð‘nrÞI þ SðhÞ
 
L1f ; ð4:1Þ
u ¼ LðhÞL1f ;
whereSðhÞ ¼ 1
p
Z h
0
N1ðxÞdx; LðhÞ ¼ 1p
Z h
0
N3ðxÞdx; ð4:2aÞ
N1ðxÞ ¼ T1ðxÞRTðxÞ; N3ðxÞ ¼ RðxÞT1ðxÞRTðxÞ QðxÞ; ð4:2bÞ
QðxÞ ¼ Q cos2 xþ ðRþ RTÞ sinx cosxþ T sin2 x;
RðxÞ ¼ R cos2 xþ ðT QÞ sinx cosx RT sin2 x;
TðxÞ ¼ T cos2 x ðRþ RTÞ sinx cosxþQ sin2 x:
ð4:2cÞNoting that with x = 0 in Eq. (4.2b), the results becomeN1 ¼ T1RT; N3 ¼ RT1RT Q; ð4:3Þ
where N1 = N1(0) and N3 = N3(0) are the components deﬁned in the matrix N known as the fundamental elas-
ticity matrix (Ting, 1996). The tractions t1 = [r11, r12, r13]
T and t2 = [r21, r22, r23]
T at any point inside the
body may then be evaluated by the formulae given by Eq. (3.8). In what follows our interests are in the inves-
tigations of the stress components r11, r12 and r13 on the boundary induced by the uniform tractions applied
over a ﬁnite length on the straight boundary. Since these stress components are the traction t1(x1, x2) at x2 = 0,
therefore only the response of t1(x1, x2) to the uniform tractions is needed which may be obtained by integrat-
ing the corresponding responses in Eq. (4.1) with f in Eq. (4.1) being replaced by f dx ¼ ½s; r; s^Tdx where
f ¼ ½s; r; s^T is now interpreted as the intensity of the uniform tractions. Note that the computations of the
traction t1 for uniform loadings would be easier if the relation between the tractions t1 and t2, i.e.,t1 ¼ N3u;1 NT1 t2 ð4:4Þ
is adopted (Ting, 1996). Therefore, substituting Eq. (4.1) into Eq. (4.4) and then integrating over the extended
region of the uniform loading, one arrives at the following equation for t1(x1, x2)t1ðx1; x2Þ ¼ N3
Z a
a
u;1 dxNT1
Z a
a
u;1 dx; ð4:5Þwhere t2 = u,1 has been used. The above integrations may be easily carried out and the results of traction
t1 = [r11, r12, r13]
T under uniform loadings are obtained ast1ðx1; x2Þ ¼ 1p ‘n
r2
r1
 
N3L
1f  fN3½Sðh2Þ  Sðh1Þ NT1 ½Lðh2Þ  Lðh1ÞgL1f ; ð4:6Þwherer1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1 þ aÞ2 þ x22
q
; r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  aÞ2 þ x22
q
; ð4:7Þ
h1 ¼ tan1 x2x1 þ a
 
; h2 ¼ tan1 x2x1  a
 
:The stress components r11, r12 and r13 on the straight boundary may be obtained by setting x2 = 0 in Eq. (4.6).
The obtained results are for general anisotropic materials and they are discontinuous at the ends of the load-
ing. For the region outside the loading part, i.e., for jx1j > a, the stress components on the boundary aret1ðx1; 0Þ ¼ 1p ‘n
x1  aj j
x1 þ aj j
 
Cf ; ð4:8Þ
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and for the loading area, i.e., for jx1j < a, the stress components on the boundary aret1ðx1; 0Þ ¼ 1p ‘n
a x1
aþ x1
 
Cf Xf ; ð4:10ÞwhereX ¼ ðN3S NT1LÞL1: ð4:11Þ
Eqs. (4.8) and (4.10) are the main results of the present paper. These results are valid for uniform loadings
applied on the straight boundary. For other types of loading distributions, the results may be obtained by the
same approach adopted above. For example, consider the case of triangle distributions extended over jx1j < a
on the surface with the applied load intensity denoted by ((x1 + a)/2a)f where f ¼ ½s; r; s^T. It can be shown
that for this case the stress components on the boundary for the region outside the loading part, i.e., for
jx1j > a, aret1ðx1; 0Þ ¼ 1p 1þ
x1 þ a
2a
 
‘n
x1  aj j
x1 þ aj j
  
Cf ; ð4:12Þand the stress components on the boundary for the loading area, i.e., for jx1j < a, aret1ðx1; 0Þ ¼ 1p 1þ
x1 þ a
2a
 
‘n
x1  aj j
x1 þ aj j
  
Cf  x1 þ a
2a
 
Xf : ð4:13ÞAnother example is the case for period uniform loading distribution. With the uniform loading distribu-
tions ﬁrst applied on the boundary over a ﬁnite length, i.e., over jx1j < a, and then repeat this ﬁnite extended
loading distributions indeﬁnitely with the unloaded length between the loaded area being as ha, then the case
of period uniform loading distribution is obtained. For this period uniform loading distribution, the stress
components on the boundary for the region outside the loading part, i.e., fora < j x1j < (h + 1)a, aret1ðx1; 0Þ ¼ 1p
X1
n¼1
‘n
x1  ~anj j
x1  ~bn
		 		
 !
Cf ; ð4:14Þand the stress coamponents on the boundary for the loading area, i.e., for jx1j < a, aret1ðx1; 0Þ ¼ 1p
X1
n¼1
‘n
x1  ~anj j
x1  ~bn
		 		
 !
Cf Xf ; ð4:15Þwhere~an ¼ ½nðhþ 2Þ þ 1a; ~bn ¼ ½nðhþ 2Þ  1a; n ¼ 0;1;2;    ;1: ð4:16Þ
Although inﬁnite summation of natural log appears in Eqs. (4.14) and (4.15), the convergence may be made
by integral test. The rate of convergence will vary depending on which point on the surface is of interest. For
instance, at the point x1/a = 0.8 approximately 20 terms (n  20) of the summation are needed to evaluate the
accuracy of the stress components to within 1% and only 4 terms are needed if 5% accuracy is satisﬁed. In the
following, we will focus our discussions only to the case of uniform loading distributions with a ﬁnite length
applied over on the straight boundary. For such uniform loading case, the result of Eq. (4.8) shows that on the
unloaded region, i.e., jx1j > a, a logarithmic term existed for the stress components on the boundary with the
amplitude, completely determined, apart from a constant, i.e., 1/p being not included in the following dis-
cussions, by the matrix C which is deﬁned in Eq. (4.9). However, in the loaded region, in addition to a loga-
rithmic term, an extra constant term existed for the stress components as shown in Eq. (4.10). The value of the
constant term is completely determined by the matrix X deﬁned in Eq. (4.11). Whether the constant term or
the logarithmic term will appear or not depends completely on what values of the elements of matrices X and
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1 and ðN3S NT1LÞ are all sym-
metric. However, matrices C and X deﬁned in Eqs. (4.9) and (4.11) are not. Written explicitly, the structures
of these two matrices take the following form:C ¼
Cns Cnn Cnv
0 0 0
Cvs Cvn Cvv
264
375; X ¼ Xns Xnn Xnv1 0 0
Xvs Xvn Xvv
264
375; ð4:17Þwhere all the non-zero elements both for matrices C and X are given in the Appendix A and all of them
are expressed in terms of elastic stiﬀness. In the developments of explicit expressions for all elements of
X and C, the expressions of matrices L and S expressed completely in terms of the elastic stiﬀness devel-
oped by Liou and Sung (submitted for publication) have been used. Note that the sub-indices of the
elements of C and X have special meaning. The ﬁrst sub-index indicates by which stress components
is induced and the second sub-index indicates on what type of loading is acting. The subscripts n, s
and m represent for normal, in-plane shear and anti-plane shear, respectively, either for stress or for
direction. For instance, the ﬁrst subscript of the amplitude Cns, i.e., subscript n means the induced stress
is r11 while the second subscript, i.e., subscript s denotes the applied loading is the in-plane shear load-
ing. With these explicit structures of C and X shown above, the stress components on the boundary
expressed in Eqs. (4.8) and (4.10) may be written together as followst1ðx1;0Þ¼
r11
r12
r13
264
375¼1
p
‘n
jx1aj
jx1þaj
 
r
Cnn
0
Cvn
264
375
8><>: þ s
Cns
0
Cvs
264
375þ s^ Cnv0
Cvv
264
375
9>=>; r
Xnn
0
Xvn
264
375
8><>: þ s
Xns
1
Xvs
264
375þ s^ Xnv0
Xvv
264
375
9>=>;
Hðajx1jÞ;
ð4:18Þwhere H(x1) is the Heaviside function. Results presented above do show that the boundary conditions spec-
iﬁed for r12 are satisﬁed which can be veriﬁed easily. Since the elements of the matrices C andX are completely
determined by the material constants, therefore for materials with certain symmetry plane assumed the ele-
ments will take diﬀerent values. In the following, we will present the results for monoclinic materials with sym-
metry plane at x1 = 0, x2 = 0 and x3 = 0. Results for orthotropic materials will be also presented. Finally, we
will show that by taking special values for the elements of the matrices C and X, the results for isotropic mate-
rials will be recovered.
4.1. Monoclinic materials with the symmetry plane at x1 = 0
Let us ﬁrst consider the monoclinic materials with the plane of symmetry at x1 = 0. For this kind of mate-
rial, the following elastic stiﬀnesses are zero, i.e.,c15 ¼ c16 ¼ c25 ¼ c26 ¼ c45 ¼ c46 ¼ 0: ð4:19ÞWith these vanishing stiﬀnesses, it can be shown from Appendix A thatCnn ¼ Cnv ¼ Cvs ¼ 0; Xns ¼ Xvn ¼ Xvv ¼ 0: ð4:20ÞTherefore, matrices C and X becomeC ¼
Cns 0 0
0 0 0
0 Cvn Cvv
264
375; X ¼ 0 Xnn Xnv1 0 0
Xvs 0 0
264
375; ð4:21Þ
182 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 175–190whereCns ¼ Y 11ðc11c
2
24 þ c22c214 þ c44c212  2c12c24c14  c11c22c44Þ
c22c44  c224
; ð4:22aÞ
Cvn ¼ Y 23ðc256  c55c66Þ=c66; ð4:22bÞ
Cvv ¼ Y 33ðc256  c55c66Þ=c66; ð4:22cÞ
Xnn ¼
bY 12ð2c12c24c14 þ c11c22c44  c11c224  c22c214  c44c212Þ þ ðc12c44  c14c24Þ
ðc22c44  c224Þ
; ð4:22dÞ
Xnv ¼
bY 13ð2c12c24c14 þ c11c22c44  c11c224  c22c214  c44c212Þ þ ðc22c14  c12c24Þ
ðc22c44  c224Þ
; ð4:22eÞ
Xvs ¼ ½bY 13ðc256  c55c66Þ þ c56=c66: ð4:22fÞ
Parameters Y 11; Y 23; Y 33; bY 12 and bY 13 appearing in Eq. (4.22) are given in Eq. (A.4). With above results, the
general expressions of the stress components (Eq. (4.18)) becomet1ðx1;0Þ¼
r11
r12
r13
264
375¼1
p
‘n
jx1aj
jx1þaj
 
r
0
0
Cvn
264
375þ s Cns0
0
264
375þ s^ 00
Cvv
264
375
8><>:
9>=>; r
Xnn
0
0
264
375þ s 01
Xvs
264
375þ s^ Xnv0
0
264
375
8><>:
9>=>;
Hðajx1jÞ;
ð4:23Þwhere Cmn, Cns, Cmm, Xnn, Xms and Xnm are given by Eq. (4.22). Therefore, for monoclinic materials with the sym-
metry plane at x1 = 0, the following observations for the stress components on the boundary may be made
from Eq. (4.13):
(1) When only normal loading is applied, the behaviors of the stress r11 are similar to those for isotropic
materials, i.e., there is no logarithmic term for r11 since the amplitude corresponding to the logarithmic
term vanishes, i.e., Cnn = 0. Only a constant term for r11 aroused by the normal loading in the loaded
region. The magnitude of the constant term is reﬂected by Xnn, the ratio of the stress r11 to the applied
normal load. This value depending on elastic stiﬀness is given by Eq. (4.22d) which is in general not equal
to 1, as it is the case for isotropic materials. Moreover, due to the coupling eﬀects of the in-plane and out-
of-plane deformations, there aroused an additional logarithmic distribution for the stress r13 by the nor-
mal loading since the amplitude corresponding to the logarithmic term, i.e., Cvn,does appear in Eq.
(4.23). The amplitude of the logarithm is given in Eq. (4.22b) which is again determined by the elastic
stiﬀness. It is found that this is the only material alignment among our discussions that the normal loading
may produce logarithmic stress distribution for r13. No constant term, however, existed for r13 in the
loaded region due to Xvn = 0.
(2) When only in-plane shear loading is applied, the appearance of the nonzero term Cns and the vanishing
of the term Xns in Eq. (4.23) implies that the behaviors of the stress r11 are also similar to those for iso-
tropic materials, i.e., there exists a logarithmic distribution for r11 with the amplitude Cns controlled by
Eq. (4.22a) and there is no constant term for r11 in the loaded region since Xns = 0. Notice that due to
Cms = 0, therefore there is no logarithmic term survived for r13 when in-plane shear is loaded. Instead, a
constant term with Xms deﬁned by Eq. (4.22f) existed for r13 in the loaded region. It is found that this is
the only material alignment among our discussions that the in-plane shear loading may produce constant
stress distribution for r13.
(3) When only anti-plane shear loading is applied, due to the coupling eﬀects there is a constant term
aroused for r11 in the loaded region which is reﬂected by the term Xnm. It is found that this is the only
material alignment that the anti-plane shear loading may produce constant stress distribution for r11.
The term Cnm = 0 indicates that no logarithmic term existed for r11. However, there do have a logarith-
mic term for the stress r13 due to the term Cmm appearing in Eq. (4.23) under anti-plane shear loading. It is
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is commonly shared by all other material alignments. However, no constant term existed for r13 in the
loaded region due to vanishing of Xmm.
4.2. Monoclinic materials with the symmetry plane at x2 = 0
As to the monoclinic materials with the plane of symmetry at x2 = 0, the following elastic stiﬀnesses vanish,
i.e.,c14 ¼ c16 ¼ c24 ¼ c26 ¼ c45 ¼ c56 ¼ 0: ð4:24Þ
Therefore, from Appendix A it can be shown thatCnn ¼ Cvn ¼ 0; Xns ¼ Xnv ¼ Xvs ¼ Xvv ¼ 0; ð4:25Þ
and hence matrices C and X becomeC ¼
Cns 0 Cnv
0 0 0
Cvs 0 Cvv
264
375; X ¼ 0 Xnn 01 0 0
0 Xvn 0
264
375; ð4:26ÞwhereCns ¼ ½Y 13ðc12c25  c15c22Þ  Y 11ðc11c22  c212Þ=c22; ð4:27Þ
Cnv ¼ ½Y 33ðc12c25  c15c22Þ  Y 13ðc11c22  c212Þ=c22;
Cvs ¼ ½Y 11ðc12c25  c15c22Þ  Y 13ðc22c55  c225Þ=c22;
Cvv ¼ ½Y 13ðc12c25  c15c22Þ  Y 33ðc22c55  c225Þ=c22;
Xnn ¼ ½Y^ 23ðc12c25  c15c22Þ þ Y^ 12ðc11c22  c212Þ þ c12=c22;
Xvn ¼ ½Y^ 12ðc15c22  c12c25Þ  Y^ 23ðc22c55  c225Þ þ c25=c22;where Y 11; Y 13; Y 33; bY 12 and bY 23 are given in Eq. (A.11). With above results, the expressions for the stress com-
ponents for this special symmetry plane considered aret1ðx1; 0Þ ¼
r11
r12
r13
264
375 ¼ 1
p
‘n
jx1  aj
jx1 þ aj
 
r
0
0
0
264
375þ s Cns0
Cvs
264
375þ s^ Cnv0
Cvv
264
375
8><>:
9>=>; r
Xnn
0
Xvn
264
375þ s 01
0
264
375þ s^ 00
0
264
375
8><>:
9>=>;
Hða jx1jÞ;
ð4:28Þwhere Cns, Cms, Cnv, Cmm, Xnn and Xvn are given by Eq. (4.27). Therefore, for monoclinic materials with the sym-
metry plane at x2 = 0, the following observations for the stress components on the boundary may be made:
(1) When only normal loading is applied, it is found that the behaviors of the stress r11 are the same as those
for isotropic materials as can be observed from the fact that Cnn = 0 and the nonzero term for Xnn. How-
ever, since Cmn = 0, no logarithmic distribution for the stress r13 is found by the normal loading, contrast
to the case for the monoclinic materials with the symmetry plane at x1 = 0 which do exist for logarithmic
distribution. The appearing of Xvn indicates that there is a constant term existed for r13 in the loaded
region. It is found that this is the only material alignment among our discussions that the normal loading
may produce constant stress distribution for r13.
(2) When only in-plane shear loading is applied, the conditions of Cns5 0 and Xns = 0 indicate that the
behaviors of the stress r11 are the same as those for isotropic materials. For the present materials under
consideration, there do have a logarithmic term survived for r13 for the in-plane shear loading case since
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loading may produce logarithmic stress distribution for r13, however, no constant term is found for r13 in
the loaded region.
(3) When only anti-plane shear loading is applied, the appearing of the term Cnm indicates that a logarithmic
term exists for r11. It is found that this is the only material alignment among our discussions that the anti-
plane shear loading may produce logarithmic stress distribution for r11. No constant term for r11 in the
loaded region is found since Xnv = 0. However, there do have a logarithmic term for stress r13 in the
anti-plane direction since Cmm appears in Eq. (4.28). However, no constant term is existed for r13
(Xvv = 0) in the loaded region.4.3. Monoclinic materials with the symmetry plane at x3 = 0
For monoclinic materials with the plane of symmetry at x3 = 0, the following elastic stiﬀnesses are zeros,
i.e.,c14 ¼ c15 ¼ c24 ¼ c25 ¼ c46 ¼ c56 ¼ 0; ð4:29Þso thatCnv ¼ Cvs ¼ Cvn ¼ 0; Xnv ¼ Xvs ¼ Xvn ¼ 0: ð4:30ÞTherefore, matrices C and X becomeC ¼
Cns Cnn 0
0 0 0
0 0 Cvv
264
375; X ¼ Xns Xnn 01 0 0
0 0 Xvv
264
375; ð4:31ÞwhereCns ¼ Y 11ðc11c
2
26 þ c22c216 þ c66c212  2c16c26c12  c11c22c66Þ
c22c66  c226
; ð4:32Þ
Cnn ¼ Y 12ðc11c
2
26 þ c22c216 þ c66c212  2c16c26c12  c11c22c66Þ
c22c66  c226
;
Cvv ¼ Y 33ðc245  c44c55Þ=c44;
Xns ¼ c16c22  c26c12c22c66  c226
; Xvv ¼ c45c44 ;
Xnn ¼ Y^ 12ð2c16c26c12 þ c11c22c66  c11c
2
26  c22c216  c66c212Þ þ ðc12c66  c16c26Þ
ðc22c66  c226Þ
;where Y11, Y12, Y33 and bY 12 are given in Eq. (A.15). With above results, the expressions for the stress com-
ponents for this special symmetry plane aret1ðx1;0Þ¼
r11
r12
r13
264
375¼1
p
‘n
jx1aj
jx1þaj
 
r
Cnn
0
0
264
375þ s Cns0
0
264
375þ s^ 00
Cvv
264
375
8><>:
9>=>; r
Xnn
0
0
264
375þ s Xns1
0
264
375þ s^ 00
Xvv
264
375
8><>:
9>=>;
Hðajx1jÞ;
ð4:33Þwhere Cnn, Cns, Cmm, Xnn, Xns and Xvv are given by Eq. (4.32). Therefore, for monoclinic materials with the sym-
metry plane at x3 = 0, the following observations for the stress components on the boundary may be made:
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materials due to the appearing of Cnn, i.e., there is a logarithmic term for r11 in addition to a constant
term for r11 in the loaded region. It is found that this is the only material alignment among our discussions
that the normal loading may produce logarithmic stress distribution for r11. Due to the decoupled eﬀects of
the in-plane and out-of-plane deformations, no any stress r13 will be induced by the normal loading.
(2) When only in-plane shear loading is applied, the behaviors of the stress r11 are similar to those for iso-
tropic materials, i.e., there exists a logarithmic distribution for r11 since the amplitude Cns given in
(4.32a) exists. However, there is a diﬀerence from isotropic materials. A constant term appears in the
loaded region due to the existence of Xns except when Xns = 0, i.e., except when material satisﬁes the con-
dition c16c22 = c26c12, as can be seen from Eq. (4.32d). It is found that this is the only material alignment
among our discussions that the in-plane shear loading may produce constant stress distribution for r11. No
any response for r13 due to uncoupling eﬀects.
(3) When only anti-plane shear loading is applied, due to the decoupled eﬀects of the in-plane and out-of-
plane deformations, no any stresses r11 will be produced. However, there do have a logarithmic term for
stress r13 in the anti-plane direction since Cmm5 0, and also due to the term Xmm a constant term may exist
for r13 in the loaded region which is the only material alignment among our discussions that the anti-plane
shear loading may produce constant stress distribution for r13.4.4. Orthotropic materials
The material constants for the orthotropic materials can be obtained from the monoclinic materials with
the symmetry plane at x3 = 0 by further letting c16 = c26 = c45 = 0. Therefore, it can be shown that for ortho-
tropic materialsCvs ¼ Cvn ¼ Cnn ¼ Cnv ¼ 0; Xns ¼ Xnv ¼ Xvs ¼ Xvn ¼ Xvv ¼ 0; ð4:34Þ
and therefore matrices C and X becomeC ¼
Cns 0 0
0 0 0
0 0 Cvv
264
375; X ¼ 0 Xnn 01 0 0
0 0 0
264
375; ð4:35ÞwhereCns ¼  c11c22  c12ðc12 þ 2c66Þc22c66 þ 2
c11
c22
 1=2" #1=2
; Cvv ¼ 
ﬃﬃﬃﬃﬃﬃ
c55
c44
r
; Xnn ¼
ﬃﬃﬃﬃﬃﬃ
c11
c22
r
: ð4:36a; b; cÞNote that in obtaining above results, the following expressions for parameters Y11, Y22 and bY 12, evaluated by
Eq. (A.15) with further properties for orthotropic materials being used, has been used (Liou and Sung, sub-
mitted for publication).Y 11 ¼ c22c11c22  c212
 
c11c22  c12ðc12 þ 2c66Þ
c22c66
þ 2 c11
c22
 1=2" #1=2
; Y 33 ¼ ðc44c55Þ1=2;
bY 12 ¼ 1
c12 þ ðc11c22Þ1=2
: ð4:37ÞWith above results, the expressions for the stress components for orthotropic materials becomet1ðx1; 0Þ ¼
r11
r12
r13
264
375 ¼ 1
p
‘n
jx1  aj
jx1 þ aj
 
r
0
0
0
264
375þ s Cns0
0
264
375þ s^ 00
Cvv
264
375
8><>:
9>=>; r
Xnn
0
0
264
375þ s 01
0
264
375þ s^ 00
0
264
375
8><>:
9>=>;
Hða jx1jÞ;
ð4:38Þ
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stress components on the boundary may be made:
(1) When only normal loading is applied, due to the same reason as before that Cnn = 0 and Xnn5 0 the
behaviors of the stress r11 for orthotropic materials are similar to those for isotropic materials, i.e., there
is no logarithmic term for r11. Only a constant term for r11 aroused by the normal loading in the loaded
region, the ratio of the stress r11 to the applied normal load is reﬂected by Xnn which completely deter-
mined by the constants c11 and c22 as shown in Eq. (4.36c). Due to the uncoupling eﬀects of the in-plane
and anti-plane deformations, no stress r13 is induced by the normal loading.
(2) When only in-plane shear loading is applied, the behaviors of the stress r11 are also similar to those for
isotropic materials, i.e., there exists a logarithmic distribution for r11 with no constant term in the loaded
region. The amplitude of the logarithmic term is determined by Cns which is given by Eq. (4.36a). There
is no response for r13 for the in-plane shear loading.
(3) When only anti-plane shear loading is applied, no response exists for in-plane stresses. Similar to the
results discussed above, there is a logarithmic term for the stress r13 in the anti-plane direction under
anti-plane loading. The amplitude Cvv of the logarithmic term is determined by the constants c44 and
c55 as shown in Eq. (4.36b). However, no constant term is found for r13 in the loaded region.
4.5. Isotropic materials
Let us ﬁnally consider the isotropic materials. For isotropic materials, the elastic stiﬀness are related to the
Lame’s constants asc66 ¼ c55 ¼ c44 ¼ l; c22 ¼ c11 ¼ kþ 2l; c12 ¼ k; ð4:39Þ
where k and l are Lame’s constants. Substitution of Eq. (4.39) into Eq. (4.36) leads toC ¼
2 0 0
0 0 0
0 0 1
264
375; X ¼ 0 1 01 0 0
0 0 0
264
375; ð4:40Þtherefore for isotropic materials the expressions for the stress components on the boundary becomet1ðx1; 0Þ ¼
r11
r12
r13
264
375 ¼ 1
p
‘n
jx1  aj
jx1 þ aj
 
r
0
0
0
264
375þ s 20
0
264
375þ s^ 00
1
264
375
8><>:
9>=>; r
1
0
0
264
375þ s 01
0
264
375þ s^ 00
0
264
375
8><>:
9>=>;
Hða jx1jÞ;
ð4:41Þwhich recover the well-known results for isotropic materials presented in Section 2. Following the discussions
presented above, we made again the well-known observations for isotropic materials in the following:
(1) When only normal loading is applied, there is no logarithmic term for the stress r11 since the amplitude
of the logarithmic term for the isotropic materials vanish, i.e., Cnn = 0. Only a constant term for r11
aroused by the normal loading in the loaded region, and the magnitude of r11 is equal to the applied
normal load since Xnn = 1 for isotropic materials. Due to uncoupling eﬀects of the in-plane and out-
of-plane deformations, or in other words due to Cvn = 0 and Xvn = 0 for isotropic materials, no stress
r13 is induced by the normal loading.
(2) When only in-plane shear loading is applied, there exists a logarithmic distribution for stress r11. The
amplitude of the logarithmic term is Cns = 2, a constant totally independent of the material constants.
No constant term is found for r11 in the loaded region since Xns = 0. Moreover, there is no response for
r13 due to Cvs = 0 and Xvs = 0 when in-plane shear is loaded.
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Cnv = Csv = 0 and Xnv = Xsv = 0. In the anti-plane direction there is a logarithmic term for the stress
r13. The amplitude of the logarithmic term is Cvv = 1. However, no constant term is found for r13
in the loaded region since Xvv = 0.5. Conclusions
The stress components on the boundary due to the discontinuities of the applied tractions on the aniso-
tropic elastic half-plane are investigated. The exact expressions of the stress components are derived for
general anisotropic materials which show that the stress components on the boundary will consist of in
general a constant term appearing in the loaded region and a logarithmic term existed in both the loaded
and unloaded regions. For a given material, elements of the matrices C and X, respectively, determine
whether the logarithmic term or the constant term will exist or not. Both matrices are given explicitly in
terms of the elastic stiﬀness. The stress components on the boundary for the special cases of monoclinic
materials and orthotropic materials are all given. Results for isotropic materials may be recovered from
present formulae.Appendix A
The structures of the matrices C and X for general anisotropic materials take the following forms:C ¼ ðN3L1Þ ¼
Cns Cnn Cnv
0 0 0
Cvs Cvn Cvv
264
375; X ¼ ðN3SL1 NT1 Þ ¼ Xns Xnn Xnv1 0 0
Xvs Xvn Xvv
264
375; ðA:1Þwhere the explicit expressions for the nonzero elements areCns ¼ Y 11 G1jTj  c11
 
þ Y 13 G2jTj  c15
 
; Cnn ¼ Y 12 G1jTj  c11
 
þ Y 23 G2jTj  c15
 
; ðA:2Þ
Cnv ¼ Y 13 G1jTj  c11
 
þ Y 33 G2jTj  c15
 
; Cvs ¼ Y 11 G2jTj  c15
 
þ Y 13 G3jTj  c55
 
;
Cvn ¼ Y 12 G2jTj  c15
 
þ Y 23 G3jTj  c55
 
; Cvv ¼ Y 13 G2jTj  c15
 
þ Y 33 G3jTj  c55
 
;
Xns ¼ bY 13 G2jTj  c15
 
þ W 11jTj ; Xnn ¼ 
bY 12 G1jTj  c11
 
þ bY 23 G2jTj  c15
 
þ W 12jTj ;
Xnv ¼ bY 13 G1jTj  c11
 
þ W 13jTj ; Xvs ¼
bY 13 G3jTj  c55
 
þ W 31jTj ;
Xvn ¼ bY 12 G2jTj  c15
 
þ bY 23 G3jTj  c55
 
þ W 32jTj ; Xvv ¼ 
bY 13 G2jTj  c15
 
þ W 33jTj ;wherejTj ¼ 2c24c26c46 þ c22c44c66  c22c246  c44c226  c66c224; ðA:3Þ
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þ 2c12c26c46c14 þ 2c16c26c24c14 þ 2c16c12c24c46  c214c226  c216c224  c212c246;
G2 ¼ ðc25c12c44 þ c14c45c22  c14c24c25  c12c24c45Þc66  ðc16c25c26 þ c12c26c56Þc44
þ ðc16c56c44  c14c46c56  c16c45c46Þc22  c16c56c224  c14c45c226  c12c25c246
þ c25c26c46c14 þ c45c16c26c24 þ c45c12c26c46 þ c25c16c24c46 þ c56c26c24c14 þ c56c12c24c46;
G3 ¼ ðc22c245  2c25c24c45 þ c44c225Þc66 þ ð2c56c46c45 þ c44c256Þc22  2c56c25c26c44
þ 2c25c46c26c45 þ 2c56c24c26c45 þ 2c56c46c25c24  c226c245  c256c224  c225c246;
W 11 ¼ c12c24c46 þ c26c24c14 þ c16c22c44  c12c26c44  c14c46c22  c16c224;
W 12 ¼ c26c46c14 þ c16c24c46 þ c12c44c66  c14c24c66  c16c26c44  c12c246;
W 13 ¼ c16c26c24 þ c12c26c46 þ c14c22c66  c12c24c66  c16c46c22  c14c226;
W 31 ¼ c25c24c46 þ c26c24c45 þ c56c22c44  c25c26c44  c45c46c22  c56c224;
W 32 ¼ c26c46c45 þ c56c24c46 þ c25c44c66  c45c24c66  c56c26c44  c25c246;
W 33 ¼ c56c26c24 þ c25c26c46 þ c45c22c66  c25c24c66  c56c46c22  c45c226:The parametersY 11; Y 12; Y 13; Y 23; Y 33; bY 12; bY 13 and bY 23 appearing in Eq. (A.2) expressed in terms of elastic
stiﬀness have been given by Liou and Sung (submitted for publication) for general anisotropic materials. These
lengthy expressions are not repeated here. Instead, only the results for materials with certain plane of symme-
try discussed in Section 4 are listed in the following. For monoclinic materials with the symmetry plane at
x1 = 0, since Y 12 ¼ Y 13 ¼ bY 23 ¼ 0; the expressions for the rest parameters which are not identically zeros are:Y 11 ¼ i½H0 þ k3H1  a13H=DB; Y 23 ¼ Imf½k3p3W0  k3W2 þ a23=DBg;
Y 33 ¼ i½k3p3H3  k3W3 þ a33=DB; bY 12 ¼ Ref½k3p3H1 þ a13WþW1=DBg; ðA:4ÞbY 13 ¼ Ref½k3p3H0  k3W1 þ a13=DBg;where DB = 1 + k3[W + p3H], andak3ðp3Þ ¼ ðjk1ðp3Þ þ jk0ðp3Þk3ðp3ÞÞ=Dðp3Þ; ðk ¼ 1; 2; 3Þ ðA:5Þ
j11ðp3Þ ¼ ðc22c56  c66c24Þp3; j10ðp3Þ ¼ ðc224  c22c44Þp33 þ ðc24c56  c66c44Þp3;
j21ðp3Þ ¼ c66c24p23  c56c12; j20ðp3Þ ¼ ðc66c44 þ c12c44  c24c14Þp23  c56c14; ðA:6Þ
j31ðp3Þ ¼ c66c22p23 þ c66c12; j30ðp3Þ ¼ ðc22c14  c12c24  c66c24Þp23 þ c66c14;
Dk ¼ DðpkÞ ¼ ðc66c22c44  c66c224Þp3k þ ðc66c24c14 þ c12c24c56  c22c56c14  c12c66c44Þpk;
H0 ¼ ðc22c56  c66c24ÞK1 þ ðc224  c22c44ÞU3 þ ðc24c56  c66c44ÞU1;
H1 ¼ k1k2½ðc22c56  c66c24ÞU1 þ ðc224  c22c44ÞP3 þ ðc24c56  c66c44ÞP1;
H3 ¼ c66c22K2 þ c66c12K0 þ ðc22c14  c12c24  c66c24ÞU2 þ c66c14U0; ðA:7Þ
W0 ¼ c66c24K2  c56c12K0 þ ðc66c44 þ c12c44  c24c14ÞU2  c56c14U0;
W1 ¼ ðc22c56  c66c24Þp1p2K0 þ ðc224  c22c44Þp1p2U2 þ ðc24c56  c66c44Þp1p2U0;
W2 ¼ c66c24p1p2K1  c56c12K4 þ ðc66c44 þ c12c44  c24c14Þp1p2U1  c56c14U4;
W3 ¼ c66c22p1p2K1 þ c66c12K4 þ ðc22c14  c12c24  c66c24Þp1p2U1 þ c66c14U4;and
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p2  p1
; W ¼ k1p2  k2p1
p2  p1
; P1 ¼
ðk2D1 p1 
k1
D2
p2Þ
ðp2  p1Þ
; P3 ¼
ðk2D1 p31 
k1
D2
p32Þ
ðp2  p1Þ
; ðA:8Þ
U0 ¼
ð 1D1  1D2Þ
ðp2  p1Þ
; U1 ¼
ðp1D1 
p2
D2
Þ
ðp2  p1Þ
; U2 ¼
ðp21D1 
p2
2
D2
Þ
ðp2  p1Þ
; U3 ¼
ðp31D1 
p3
2
D2
Þ
ðp2  p1Þ
; U4 ¼
ðp2D1 
p1
D2
Þ
ðp2  p1Þ
;
K0 ¼
ðk1D1 
k2
D2
Þ
ðp2  p1Þ
; K1 ¼
ðk1D1 p1 
k2
D2
p2Þ
ðp2  p1Þ
; K2 ¼
ðk1D1 p21 
k2
D2
p22Þ
ðp2  p1Þ
; K4 ¼
ðk1D1 p2 
k2
D2
p1Þ
ðp2  p1Þ
;andkkðpkÞ ¼ 
bðpkÞ
nðpkÞ
; ðk ¼ 1; 2Þ; k3ðp3Þ ¼
gðp3Þ
fðp3Þ
; ðA:9Þ
nðpkÞ ¼ ðc66c22c44  c66c224Þp4k þ ðc12c256  c12c66c55Þ
þ ðc66c22c55  c14c56c22 þ c12c24c56  c12c66c44 þ c66c24c14  c22c256Þp2k ; ðA:10Þ
bðpkÞ ¼ ðc56c22c44  c56c224Þp4k þ ðc14c256  c55c66c14Þ
þ ðc55c66c24 þ c14c56c24  c56c44c12 þ c55c24c12  c55c22c14  c24c256Þp2k ;
gðp3Þ ¼ ðc14c22c66  c12c66c24Þp33 þ ðc11c66c24  c11c56c22  c14c66c12 þ c56c212Þp3;
fðp3Þ ¼ ðc66c22c44  c66c224Þp53 þ ðc12c24c56 þ c11c22c44  c14c56c22  c11c224
þ 2c66c24c14 þ 2c12c24c14  2c12c66c44  c44c212  c22c214Þp33
þ ðc66c214  c11c56c24 þ c12c56c14 þ c11c66c44Þp3:For monoclinic materials with the symmetry plane at x2 = 0, the corresponding results are:Y 11 ¼ i½H0 þ k3H1  a13H=DB; Y 13 ¼ Imf½k3p3H0  k3W1 þ a13=DBg;
Y 33 ¼ i½k3p3H3  k3W3 þ a33=DB; bY 12 ¼ Ref½k3p3H1 þ a13WþW1=DBg; ðA:11ÞbY 23 ¼ Ref½k3p3W0  k3W2 þ a23=DBg; Y 12 ¼ Y 23 ¼ Y^ 13 ¼ 0;where DB = 1 + k3[C + p3H], ak3, (k = 1,2,3) are deﬁne Eq. (A.5) andj11ðp3Þ ¼ c22c46p23  c66c25; j10ðp3Þ ¼ c22c44p33 þ ðc25c46  c66c44 þ c246Þp3;
j21ðp3Þ ¼ ðc66c25  c12c46Þp3; j20ðp3Þ ¼ ðc66c44 þ c12c44  c25c46  c246Þp23;
j31ðp3Þ ¼ c66c22p23 þ c66c12; j30ðp3Þ ¼ c22c46p33  c12c46p3; ðA:12Þ
Dk ¼ DðpkÞ ¼ ðc66c44  c246Þðc22p2k  c12Þpk;andH0 ¼ c22c46K2  c66c25K0  c22c44U3 þ ðc25c46  c66c44 þ c246ÞU1;
H1 ¼ k1k2½c22c46U2  c66c25U0 þ ðc22c44ÞP3 þ ðc25c46  c66c44 þ c246ÞP1;
H3 ¼ c66c22K2 þ c66c12K0 þ c22c46U3  c12c46U1; ðA:13Þ
W0 ¼ ðc66c25  c12c46ÞK1 þ ðc66c44 þ c12c44  c25c46  c246ÞU2;
W1 ¼ c22c46p1p2K1  c66c25K4  c22c44p1p2U2 þ ðc25c46  c66c44 þ c246Þp1p2U0;
W2 ¼ ðc66c25  c12c46Þp1p2K0 þ ðc66c44 þ c12c44  c25c46  c246Þp1p2U1;
W3 ¼ c66c22p1p2K1 þ c66c12K4 þ c22c46p1p2U2  c12c46p1p2U0;and parametersH, W, Ui (i = 0, 1, 2, 3),Ki (i = 0, 1, 2, 4) andPi (i = 1, 3) are deﬁned by Eq. (A.8), kk, (k = 1, 2,
3) are deﬁne Eq. (A.9), and
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þ ðc12c25c46 þ c55c22c66  c15c22c46  c12c66c44 þ c12c246  c66c225Þp2k ;
bðpkÞ ¼ ðc15c22c44 þ c25c246  c25c44c12  c25c44c66 þ c46c225  c55c22c46Þp3k
þ ðc15c44c66 þ c55c12c46  c15c25c46  c15c246Þpk;
gðp3Þ ¼ ðc46c212  c12c66c25  c11c22c46 þ c15c22c66Þp23 þ ðc11c66c25  c15c12c66Þ;
fðp3Þ ¼ ðc44c22c66  c22c246Þp53 þ ðc11c44c66 þ c15c12c46  c11c25c46  c11c246Þp3
þ ðc12c25c46 þ c11c22c44  2c12c44c66  c15c22c46 þ 2c12c246  c44c212Þp33:
For monoclinic materials with the symmetry plane at x3 = 0, the corresponding results are:Y 11 ¼ i½c66U0 þ 2c26U1 þ c22U2; ðA:15Þ
Y 12 ¼ Imf½c66U4 þ ðp1p2Þð2c26U0 þ c22U1Þg;
Y 33 ¼ ðc44c55  c245Þ1=2;bY 12 ¼ Ref½c66U4 þ ðp1p2Þð2c26U0 þ c22U1Þg;
Y 13 ¼ Y 23 ¼ bY 13 ¼ bY 23 ¼ 0;whereU0 ¼ ½Dðp1ÞDðp2Þ1½ðc22c66  c226Þðp1 þ p2Þ þ ðc16c22  c12c26Þ;
U1 ¼ ½Dðp1ÞDðp2Þ1½ðc22c66  c226Þðp1p2Þ þ ðc12c66  c16c26Þ;
U2 ¼ ½Dðp1ÞDðp2Þ1½ðc12c66  c16c26Þðp1 þ p2Þ þ ðc12c26  c16c22Þðp1p2Þ; ðA:16Þ
U4 ¼ ½Dðp1ÞDðp2Þ1½ðc22c66  c226Þðp21 þ p22 þ p1p2Þ þ ðc16c22  c12c26Þðp1 þ p2Þ þ ðc16c26  c12c66Þ;
DðpkÞ ¼ ðc22c66  c226Þp2k þ ðc16c22  c12c26Þpk þ ðc16c26  c12c66Þ:References
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